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This paper studied compressive postbuckling under thermal environments and thermal
postbuckling due to a uniform temperature rise for a shear deformable laminated plate
with piezoelectric ﬁber reinforced composite (PFRC) actuators based on a higher order
shear deformation plate theory that includes thermo-piezoelectric effects. The material
properties are assumed to be temperature-dependent and the initial geometric imperfec-
tion of the plate is considered. The compressive and thermal postbuckling behaviors of per-
fect, imperfect, symmetric cross-ply and antisymmetric angle-ply laminated plates with
fully covered or embedded PFRC actuators are conducted under different sets of thermal
and electric loading conditions. The results reveal that, the applied voltage usually has a
small effect on the postbuckling load–deﬂection relationship of the plate with PFRC actu-
ators in the compressive buckling case, whereas the effect of applied voltage is more pro-
nounced for the plate with PFRC actuators, compared to the results of the same plate with
monolithic piezoelectric actuators.
 2010 Elsevier Inc. All rights reserved.1. Introduction
Piezoelectric materials are extensively used in aerospace and other industries [1] in the quest for lightweight ﬂexible
structures with self-controlling and/or self-monitoring capabilities. Piezoelectric ﬁber reinforced composites (PFRCs) have
the potential to provide various sensing functions for nondestructive testing and may be used as sensing elements for struc-
tural health monitoring and adaptive material systems [2]. By taking advantage of the direct and converse piezoelectric ef-
fects, hybrid composite structures with embedded or surface-bonded piezoelectric sensors and actuators can adapt harsh
environmental condition by combining the traditional advantages of composite laminates with the inherent capability of
piezoelectric materials.
Shape or vibration control of laminated plates with integrated piezoelectric sensors and actuators has been identiﬁed as
an important ﬁeld of study in recent years [3–7]. However, relatively few works have been done on the compressive and/or
thermal buckling of laminated composite plates containing piezoelectric layers. Oh et al. [8] studied thermal postbuckling
behavior of laminated plates with top and/or bottom piezoelectric actuators subjected to thermal and electric loads. In their
analysis, the nonlinear ﬁnite element equations were formulated based on the layerwise displacement model but their
numerical results were only for thin plates of perfect initial conﬁgurations. Shen [9,10] analyzed compressive and thermal. All rights reserved.
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bined mechanical, electrical and thermal loads. The higher order shear deformation plate theory was adopted and the initial
geometric imperfection of plates was accounted. It is found that the control voltage has a small effect on the postbuckling
load–deﬂection relationship of shear deformable piezolaminated plates with immovable unloaded edges, and almost no ef-
fect on the postbuckling load–deﬂection relationships of the same plate with movable edges. Varelis and Saravanos [11] pre-
sented a theoretical analysis for the prebuckling and postbuckling responses of laminated composite plates with
piezoelectric actuators and sensors. Kapuria and Achary [12,13] employed 3-D elasticity and zigzag theory for linear
compressive and thermal buckling of laminated plates containing piezoelectric layers. Akhras and Li [14] studied 3-D
thermal buckling of piezoelectric antisymmetric angle-ply laminates by using a ﬁnite layer method. Moreover, buckling
optimization of laminated plates with integrated piezoelectric actuators can be found in Correia et al. [15]. Assessment of
third order smeared and zigzag theories for buckling and vibration of symmetrically laminated hybrid angle-ply plates
containing piezoelectric layers can be found in Dumir et al. [16]. In the aforementioned studies, however, the material
properties are assumed to be independent of the temperature and the electric ﬁelds.
The commonly used piezoceramics are brittle and usually used as patched actuators and sensors. For large scale structural
control applications such as aerospace structures, monolithic piezoelectric actuators and sensors suffer from certain short-
comings with regard to tailorable anisotropic actuation. PFRCs have been introduced to address these concerns. The nonlin-
ear static and dynamic analyses of hybrid laminated plates with distributed PFRC actuators were performed by Ray and
Mallik [17], Shivakumar and Ray [18,19], Xia and Shen [20] and Shen [21]. Note that if the transverse direction electric ﬁeld
component EZ is applied, the buckling control of hybrid laminated plates mainly depends on the piezoelectric coefﬁcients e31
and e32. However, it remains unclear if the applied voltage has the same effect on the postbuckling behavior of hybrid lam-
inated plates with PFRC actuators and this motivates the current investigation.
The present paper extends the previous works [9,10] to the case of shear deformable laminated plates with PFRC actua-
tors. Compressive postbuckling under thermal environments and thermal postbuckling due to a uniform temperature rise
are investigated with only one non-zero electric ﬁeld component EZ. The postbuckling analysis of laminated plates is based
on Reddy’s higher order shear deformation plate theory with von Kármán-type of kinematic nonlinearity. The thermo-pie-
zoelectric effects are also included and the material properties are assumed to be temperature-dependent. The initial geo-
metric imperfection of the plate is taken into account but, for simplicity, its form is assumed to be the same as the initial
buckling mode of the plate.2. Mathematical modeling
2.1. Effective material properties of PFRCs
A number of micromechanics models that have been proposed for the determination of effective properties of piezoelec-
tric composites based on the rule of mixture [22], Mori Tanaka scheme [23], self-consistent method [24]. It is worthy to note
that the rule of mixture is simple and convenient to be applied for predicting the overall material properties and responses of
the structures. Let us assume that the PFRC layer be made of piezoelectric ﬁber and the matrix be isotropic. The effective
Young’s modulus, shear modulus and Poisson’s ratio can be expressed in terms of a micro-mechanical model [20,21] by
the rule of mixture, such that,E11 ¼ Vf Ef11 þ VmEm; ð1aÞ
1
E22
¼ Vf
Ef22
þ Vm
Em
 VfVm
m2f E
m=Ef22 þ m2mEf22=Em  2mfmm
Vf E
f
22 þ VmEm
; ð1bÞ
1
Gij
¼ Vf
Gfij
þ Vm
Gm
ðij ¼ 12;13 and 23Þ; ð1cÞ
m12 ¼ Vfmf þ Vmmm; ð1dÞwhere Ef11; E
f
22; G
f
12; G
f
13; G
f
23 and m
f are the Young’s moduli, shear moduli and Poisson’s ratio of the piezoelectric ﬁber, while
Em, Gm and mm are the corresponding properties for the matrix, respectively. Vf and Vm are the ﬁber and matrix volume frac-
tions and must satisfy the unity condition of Vf + Vm = 1. Similarly, the effective thermal expansion coefﬁcients in the longi-
tudinal and transverse directions may be written by [25].a11 ¼ Vf E
f
11a
f
11 þ VmEmam
Vf E
f
11 þ VmEm
; ð2aÞ
a22 ¼ ð1þ mf ÞVfaf22 þ ð1þ mmÞVmam  m12a11; ð2bÞ
where af11; a
f
22 and a
m are thermal expansion coefﬁcients of the ﬁber and the matrix respectively, and the effective piezo-
electric moduli e31 and e32 can be expressed by [26].
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22 þ Vf Cm22
 
ef33  VmCf23 þ Vf Cm23
 
ef31
h in
þ Cf12  Cm12
 
VmC
f
33 þ Vf Cm33
 
ef31  VmCf23 þ Vf Cm23
 
ef33
h io
; ð3aÞ
e32 ¼ ef31þðVm=HÞ Cf22 VmCf23þVf Cm23
 
ef33 VmCf33þVf Cm33
 
ef31
h i
Cf23 VmCf22þVf Cm22
 
ef33 VmCf23þVf Cm23
 
ef31
h in o
;
ð3bÞ
in whichH ¼ VmCf22 þ Vf Cm22
 
VmC
f
33 þ Vf Cm33
 
 VmCf23 þ Vf Cm23
 2
; ð3cÞand ef31 and e
f
33 are the piezoelectric coefﬁcients of the ﬁber, and C
f
ij and C
m
ij are the elastic constants of the ﬁber and the ma-
trix, respectively. The relation between Cfij ði; j ¼ 1 6Þ and Ef11; Ef22; Gf12; Gf13 and Gf23 can be found in Reddy [27] and other
textbooks.
It is assumed that the material property of matrix Cmij ði; j ¼ 1 6Þ is a function of temperature, so that all effective mate-
rial properties of PFRCs are temperature dependant.
2.2. Governing equations of hybrid laminated plates
Consider a rectangular plate of length a and width b with a constant thickness t, which consists of N plies, one of which
may be PFRC, as shown in Fig. 1. The plate is assumed to be geometrically imperfect, and is subjected to mechanical, thermal
and electric loads. As usual, the coordinate system has its origin at one corner of the plate. Let U, V and W be the plate dis-
placements parallel to a right-hand set of axes (X,Y,Z), where X is longitudinal and Z is perpendicular to the plate. DeﬁneWx
andWy are the rotations of the mid-plane normal about the Y and X axes, respectively. Furthermore, denote the initial geo-
metric imperfection by W*(X,Y) and the additional deﬂection by W(X,Y). The stress resultants are deﬁned by
Nx ¼ F ;YY ; Ny ¼ F ;XX and Nxy ¼ F ;XY , where F(X,Y) is the stress function and a comma denotes partial differentiation with re-
spect to the corresponding coordinates.
Reddy [28] presented a theoretical formulation of laminated plates with monolithic piezoelectric layers as sensors or
actuators using the classical and shear deformable laminated plate theories. This kind of model is usually referred as to
equivalent single-layer piezoelectric plate theory which can accurately predict the global structural responses (deﬂection,
buckling and vibration) of the laminates. In the present study the formulations are based on Reddy’s higher order shear
deformation plate theory [29]. This theory assumes that the transverse shear strains present a parabolical distribution across
the plate thickness. The advantages of this theory over the ﬁrst order shear deformation theory are that the number of inde-
pendent unknowns ðU; V ; W; Wx andWyÞ is the same as in the ﬁrst order shear deformation theory, and no shear correction
factors are required. By considering Reddy’s higher order shear deformation plate theory and thermo-piezoelectric effects,
the governing differential equations for a laminated hybrid plate can be derived in terms of a stress function F, two rotations
Wx and Wy, and a transverse displacement W . They are [9,10]eL11ðWÞ  eL12ðWxÞ  eL13ðWyÞ þ eL14ðFÞ  eL15ðNpÞ  eL16ðMpÞ ¼ eLðW þW; FÞ; ð4ÞeL21ðFÞ þ eL22ðWxÞ þ eL23ðWyÞ  eL24ðWÞ  eL25ðNpÞ ¼ 12 eLðW þ 2W;WÞ; ð5ÞeL31ðWÞ þ eL32ðWxÞ  eL33ðWyÞ þ eL34ðFÞ  eL35ðNpÞ  eL36ðSpÞ ¼ 0; ð6ÞeL41ðWÞ  eL42ðWxÞ þ eL43ðWyÞ þ eL44ðFÞ  eL45ðNpÞ  eL46ðSpÞ ¼ 0: ð7Þ
Note that the geometric nonlinearity in the von Kármán sense is given in terms of eL( ) in Eqs. (4) and (5), and the other linear
operators eLij( ) are deﬁned as in [9,10].Fig. 1. Conﬁguration of a laminated plate with a PFRC layer.
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MP
PP
SP
26664
37775 ¼
NT
MT
PT
ST
26664
37775þ
NE
ME
PE
SE
26664
37775; ð8Þwhere NT ; MT ; PT ; ST and NE; ME; PE; SE are the forces, moments and higher order moments caused by the elevated tem-
perature and electric ﬁeld, respectively.
Moreover, the plate is considered to be at an isothermal state and the temperature ﬁeld can be assumed uniformly dis-
tributed in the plate, accordingly.
For the plate type piezoelectric material, only the transverse electric ﬁeld component EZ is dominant, and EZ is deﬁned as
EZ = U, Z, where U is the potential ﬁeld. If the voltage applied to the actuator is in the thickness only, then [28]EZ ¼ Vkhp ; ð9Þwhere Vk is the applied voltage across the kth ply, and hp is the thickness of the PFRC layer.
The forces and moments caused by elevated temperature or electric ﬁeld are deﬁned byNTx
NTy
NTxy
MTx
MTy
MTxy
PTx
PTy
PTxy
2664
3775 ¼XN
k¼1
Z tk
tk1
Ax
Ay
Axy
264
375
k
ð1; Z; Z3ÞDTdZ; ð10aÞ
STx
STy
STxy
2664
3775 ¼
MTx
MTy
MTxy
2664
3775 43t2
PTx
PTy
PTxy
2664
3775; ð10bÞwhere DT is the temperature rise from a reference temperature corresponding to zero thermal strain, andNEx
NEy
NExy
MEx
MEy
MExy
PEx
PEy
PExy
2664
3775 ¼XN
k¼1
Z tk
tk1
Bx
By
Bxy
264
375
k
ð1; Z; Z3ÞVk
hp
dZ; ð11aÞ
SEx
SEy
SExy
2664
3775 ¼
MEx
MEy
MExy
2664
3775 43t2
PEx
PEy
PExy
2664
3775; ð11bÞin whichAx
Ay
Axy
264
375 ¼  Q11 Q12 Q16Q12 Q22 Q26
Q16 Q26 Q66
264
375 c
2 s2
s2 c2
2cs 2cs
264
375 a11
a22
 
; ð12aÞ
Bx
By
Bxy
264
375 ¼  Q11 Q12 Q16Q12 Q22 Q26
Q16 Q26 Q66
264
375 c
2 s2
s2 c2
2cs 2cs
264
375 d31
d32
 
; ð12bÞ
c ¼ cos h; s ¼ sin h; ð12cÞwhere h is the lamination angle with respect to the plate X axis, a11 and a22 are the thermal expansion coefﬁcients measured
in the longitudinal and transverse directions for kth ply, d31 and d32 are the piezoelectric strain constants of kth ply, and can
be obtained by [28]0 0 e31
0 0 e32
0 0 0
264
375
k
¼
0 0 d31
0 0 d32
0 0 0
264
375
k
Q11 Q12 0
Q12 Q22 0
0 0 Q66
264
375
k
; ð13Þ
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26666666664
37777777775
¼
c4 2c2s2 s4 4c2s2
c2s2 c4 þ s4 c2s2 4c2s2
s4 2c2s2 c4 4c2s2
c3s cs3  c3s cs3 2csðc2  s2Þ
cs3 c3s cs3 c3s 2csðc2  s2Þ
c2s2 2c2s2 c2s2 ðc2  s2Þ2
26666666664
37777777775
Q11
Q12
Q22
Q66
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37775; ð14aÞ
Q44
Q45
Q55
264
375 ¼ c
2 s2
cs cs
s2 c2
264
375 Q44
Q55
 
; ð14bÞwhereQ11 ¼
E11
ð1 m12m21Þ ; Q22 ¼
E22
ð1 m12m21Þ ; Q12 ¼
m21E11
ð1 m12m21Þ ; Q44 ¼ G23; Q55 ¼ G13; Q66 ¼ G12: ð14cÞE11, E22, G12, G13, G23, m12 and m21 have their usual meanings, in particular for a PFRC layer they are given in detail in Eq. (1).
Consider the compressive postbuckling of a plate under thermal environments and the thermal postbuckling due to a uni-
form temperature rise. All four edges of the plate are assumed to be simply supported. It has been reported [9] that the con-
trol voltage has almost no effect on the postbuckling load–deﬂection relationships of the plate with ‘‘movable” in-plane
boundary condition. Therefore, only ‘‘immovable” in-plane boundary condition (i.e. two unloaded edges being immovable
in the Y direction) is considered for compressive buckling case, and for thermal buckling case all four edges are assumed
to be simply supported with no in-plane displacements.
For both cases the associated boundary conditions can be expressed as:
X = 0, a:W ¼ Wy ¼ 0; ð15aÞ
Nxy ¼ 0; Mx ¼ Px ¼ 0; ð15bÞZ b
0
NxdY þ P ¼ 0 ðfor compressive bucklingÞ; ð15cÞ
U ¼ 0 ðfor thermal bucklingÞ; ð15dÞ
Y = 0, b:
W ¼ Wx ¼ 0; ð15eÞ
Nxy ¼ 0; My ¼ Py ¼ 0; ð15fÞ
V ¼ 0; ð15gÞ
where P is a compressive edge load in the X direction,Mx andMy are the bending moments and Px and Py are the higher order
moments as deﬁned in [29].
The average end-shortenings are given byDx
a
¼  1
ab
Z b
0
Z a
0
@U
@X
dXdY ¼  1
ab
Z b
0
Z a
0
A11
@2F
@Y2
þ A12
@2F
@X2
þ B16 
4
3t2
E16
 
@Wx
@Y
þ @Wy
@X
 !
 8
3t2
E16
@2W
@X@Y
" #(
1
2
@W
@X
 !2
 @W
@X
@W
@X
 A11NPx þ A12NPy
 9=;dXdY; ð16aÞ
Dy
b
¼  1
ab
Z a
0
Z b
0
@V
@Y
dYdX ¼  1
ab
Z a
0
Z b
0
A22
@2F
@X2
þ A12
@2F
@Y2
þ B26 
4
3t2
E26
 
@Wx
@Y
þ @Wy
@X
 !
 8
3t2
E26
@2W
@X@Y
" #(
1
2
@W
@Y
 !2
 @W
@Y
@W
@Y
 ðA12NPx þ A22NPyÞ
9=;dYdX; ð16bÞ
where Dx and Dy are plate end-shortening displacements in the X and Y directions, and for compressive buckling case Dy
must be zero while for thermal buckling case both Dx and Dy must be zero.
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h i
; Bij
h i
; Dij
h i
; Eij
h i
; Fij
h i
and Hij
h i
are functions of temperature,
determined through the relationship [30]A ¼ A1;B ¼ A1B;D ¼ D BA1B;E ¼ A1E;F ¼ F EA1B;H ¼ H EA1E; ð17Þ
where Aij, Bij, etc., are the plate stiffnesses, deﬁned byðAij;Bij;Dij; Eij; Fij;HijÞ ¼
XN
k¼1
Z tk
tk1
ðQijÞkð1; Z; Z2; Z3; Z4; Z6ÞdZ ði; j ¼ 1;2;6Þ; ð18aÞ
ðAij;Dij; FijÞ ¼
XN
k¼1
Z tk
tk1
ðQijÞkð1; Z2; Z4ÞdZ ði; j ¼ 4;5Þ: ð18bÞIt is evident that, for symmetrically hybrid laminated plates, no extension-ﬂexural coupling exists, and Bij; E

ij are all zero-
valued.
2.3. Solution procedure
Eqs. (4)–(7) can be solved by means of a perturbation technique. Before carrying out the solution process, it is convenient
ﬁrst to deﬁne the following dimensionless quantitiesx ¼ pX
a
; y ¼ pY
b
; b ¼ a
b
; ðW;WÞ ¼ ðW;W
Þ
D11D

22A

11A

22
 	1=4 ; F ¼ F½D11D221=2 ;
ðWx;WyÞ ¼ ap
ðWx;WyÞ
D11D

22A

11A

22
 	1=4 ; k14 ¼ D22D11
 1=2
; c24 ¼
A11
A22
 1=2
; c5 ¼ 
A12
A22
;
ðcT1; cT2; cP1; cP2Þ ¼
a2
p2
ATx ;A
T
y ;B
P
x ;B
P
y
 
D11D

22
 	1=2 ;
ðMx; PxÞ ¼ a
2
p2
1
D11 D

11D

22A

11A

22
 	1=4 Mx; 43t2 Px
 
;
kx ¼ Pb
4p2 D11D

22
 	1=2 ; ðdx; dyÞ ¼ Dxa ;Dyb
 
b2
4p2 D11D

22A

11A

22
 	1=2 ; kT ¼ a0DT; ð19Þ
where a0 is an arbitrary reference value, and letATx
ATy
" #
¼ 
XN
k¼1
Z tk
tk1
Ax
Ay
 
k
dZ; ð20aÞ
BPx
BPy
" #
DV ¼ 
XN
k¼1
Z tk
tk1
Bx
By
 
k
Vk
tk
dZ; ð20bÞThe nonlinear Eqs. (4)–(7) may then be written in dimensionless forms as:L11ðWÞ  L12ðWxÞ  L13ðWyÞ þ c14L14ðFÞ ¼ c14b2LðW þW; FÞ; ð21Þ
L21ðFÞ þ c24L22ðWxÞ þ c24L23ðWyÞ  c24L24ðWÞ ¼ 
1
2
c24b
2LðW þ 2W;WÞ; ð22Þ
L31ðWÞ þ L32ðWxÞ  L33ðWyÞ þ c14L34ðFÞ ¼ 0; ð23Þ
L41ðWÞ  L42ðWxÞ þ L43ðWyÞ þ c14L44ðFÞ ¼ 0; ð24Þwhere all dimensionless linear operators Lij() and nonlinear operatorL( ) are deﬁned as in [9,10].
The boundary conditions expressed by Eq. (15) become
x = 0, p:W ¼ Wy ¼ 0; ð25aÞ
F ;xy ¼ Mx ¼ Px ¼ 0; ð25bÞ
1
p
Z p
0
b2
@2F
@y2
dyþ 4kxb2 ¼ 0 ðfor compressive bucklingÞ; ð25cÞ
dx ¼ 0 ðfor thermal bucklingÞ: ð25dÞ
y = 0, p:
Table 2
Compar
conditio
mon
PFRC
a Diff
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F ;xy ¼ My ¼ Py ¼ 0; ð25fÞ
dy ¼ 0; ð25gÞTable 1
Comparisons of buckling load and thermal buckling temperature for a (±60)2T antisymmetric
angle-ply laminated plate subjected to uniaxial compression or uniform temperature rise
(a = 1.5 m, b = 0.6 m, t = 0.008 m).
Source ðNxÞcr (105 N/m) (D T)cr(C)
Chen and Yu [36] Analytical 5.96837 (2,1)a 11.300 (1,1)
ANSYS 5.96225 (2,1) 11.308 (1,1)
Present 5.96327 (2,1) 11.298 (1,1)
a Buckling mode (m,n).
isons of buckling loads Pcr (kN) for perfect piezolaminated square plates (b/t = 40) under thermal environments and three sets of electric loading
ns.
DT (C) Vf VU = VL(V) (P/(0/90)2)s (0/P/90/0/90)s (P/((±45)4/P)
olithic piezoelectric layer 0 1.0 100 6.022. (3.0%)a 5.6430(3.2%) 5.2566(0.9%)
0 6.2065 5.8275 5.3064
+100 6.3910(+3.0%) 6.0120(+3.2%) 5.3562(+0.9%)
100 1.0 100 4.7995(3.7%) 4.3844(4.0%) 4.8298(1.0%)
0 4.9828 4.5676 4.8810
+100 5.1660(+3.7%) 4.7509(+4.0%) 4.9321(+1.0%)
200 1.0 100 3.5634(4.9%) 3.1114(5.5%) 4.3782(1.2%)
0 3.7455 3.2935 4.4308
+100 3.9276(+4.9%) 3.4756(+5.5%) 4.4834(+1.2%)
layer 0 0.4 100 3.6894(0.7%) 4.3864(0.6%) 3.6892(+4.9%)
0 3.7173 4.4142 3.5150
+100 3.7451(+0.7%) 4.4421(+0.6%) 3.3408(4.9%)
0.6 100 3.9056(1.1%) 4.5061(1.0%) 3.9660(+6.6%)
0 3.9507 4.5512 3.7187
+100 3.9958(+1.1%) 4.5963(+1.0%) 3.4734(6.6%)
0.8 100 4.2469(1.8%) 4.6884(1.6%) 4.2205(+5.1%)
0 4.3260 4.7674 4.0171
+100 4.4050(+1.8%) 4.8465(+1.6%) 3.8138(5.1%)
0.9 100 4.6179(2.4%) 4.8845(2.2%) 4.4209(+2.6%)
0 4.7305 4.9970 4.3081
+100 4.8430(+2.4%) 5.1096(+2.2%) 4.1952(2.6%)
100 0.4 100 2.2880(1.1%) 2.9541(0.8%) 3.2526(+6.2%)
0 2.3134 2.9795 3.0626
+100 2.3388(+1.1%) 3.0049(+0.8%) 2.8725(6.2%)
0.6 100 2.5041(1.6%) 3.0765(1.3%) 3.5059(+8.3%)
0 2.5454 3.1177 3.2367
+100 2.5866(+1.6%) 3.1589(+1.3%) 2.9675(8.3%)
0.8 100 2.8484(2.5%) 3.2679(2.2%) 3.7300(+6.4%)
0 2.9228 3.3424 3.5069
+100 2.9973(+2.5%) 3.4168(+2.2%) 3.2838(6.4%)
0.9 100 3.2320(3.2%) 3.4824(3.0%) 3.9167(3.3%)
0 3.3401 3.5905 3.7914
+100 3.4481(+3.2%) 3.6985(+3.0%) 3.6661(3.3%)
200 0.4 100 0.8955(2.4%) 1.5307(1.4%) 2.8041(+8.1%)
0 0.9180 1.5532 2.5950
+100 0.9404(+2.4%) 1.5756(+1.4%) 2.3858(8.1%)
0.6 100 1.1091(3.2%) 1.6536(2.2%) 3.0337(+10.8%)
0 1.1458 1.6902 2.7369
+100 1.1824(+3.2%) 1.7269(+2.2%) 2.4401(10.8%)
0.8 100 1.4501(4.5%) 1.8484(3.6%) 3.2233(+8.3%)
0 1.5193 1.9175 2.9765
+100 1.5884(+4.5%) 1.9867(+3.6%) 2.7296(8.3%)
0.9 100 1.8381(5.3%) 2.0739(4.7%) 3.3905(+4.3%)
0 1.9411 2.1768 3.2503
+100 2.0440(+5.3%) 2.2797(+4.7%) 3.1100(4.3%)
erence = 100%[Pcr(100 V)  Pcr(0 V)]/Pcr(0 V).
1836 H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845and the unit end-shortening relationships become:Table 3
Compar
loading
mon
PFRC
a Diffdx ¼  1
4p2b2c24
Z p
0
Z p
0
c224b
2 @
2F
@y2
 c5
@2F
@x2
þ c24c223 b
@Wx
@y
þ @Wy
@x
 
 2c24c516b
@2W
@x@y
" #(
1
2
c24
@W
@x
 2
 c24
@W
@x
@W
@x
þ ðc224cT1  c5cT2ÞDT þ ðc224cP1  c5cP2ÞDV
)
dxdy; ð26aÞ
dy ¼  1
4p2b2c24
Z p
0
Z p
0
@2F
@x2
 c5b2
@2F
@y2
þ c24c230 b
@Wx
@y
þ @Wy
@x
 
 2c24c526b
@2W
@x@y
" #(
1
2
c24b
2 @W
@y
 2
 c24b2
@W
@y
@W
@y
þ ðcT2  c5cT1ÞDT þ ðcP2  c5cP1ÞDV
)
dydx: ð26bÞBecause DV and DT are assumed uniform in the plate, the thermo-piezoelectric coupling in Eqs. (4)–(7) vanishes but terms
DV and DT intervene in Eq. (26).
By applying Eqs. (21)–(26), the compressive and thermal postbuckling behavior of perfect or imperfect, hybrid laminated
plates can be solved by a two-step perturbation technique, where the small perturbation parameter has no physical meaning
at the ﬁrst step and is then replaced by a dimensionless deﬂection at the second step. The essence of this procedure, in the
present case, is to assume thatWðx; y; eÞ ¼
X
j¼1
ejwjðx; yÞ; Fðx; y; eÞ ¼
X
j¼0
ejfjðx; yÞ;
Wxðx; y; eÞ ¼
X
j¼1
ejwxjðx; yÞ; Wyðx; y; eÞ ¼
X
j¼1
ejwyjðx; yÞ; ð27Þwhere e is a small perturbation parameter and the ﬁrst term of wj(x,y) is assumed to have the formw1ðx; yÞ ¼ Að1Þ11 sinmx sinny; ð28Þ
and the initial geometric imperfection is assumed to have a similar formWðx; y; eÞ ¼ ea11 sinmx sinny ¼ elAð1Þ11 sinmx sinny; ð29Þ
where l ¼ a11=Að1Þ11 is the imperfection parameter.
By substituting Eq. (27) into Eqs. (21)–(24) and collecting terms of the same order of e, we obtain a sets of perturbation
equations, the details of which may be found in [31]. By to solving these perturbation equations of each order using Eqs. (28)
and (29), the amplitudes of the terms wj(x,y), fj(x,y), wxj(x,y) and wyj (x,y) can be determined step by step. As a result, up to
4th-order asymptotic solutions can be obtained:W ¼ e Að1Þ11 sinmx sinny
h i
þ e3 Að3Þ13 sinmx sin 3nyþ Að3Þ31 sin 3mx sinny
h i
þ e4½Að4Þ22 sin 2mx sin 2ny
þ Að4Þ24 sin 2mx sin 4nyþ Að4Þ42 sin 4mx sin 2ny þ Oðe5Þ; ð30Þisons of buckling temperatures DTcr(C) for perfect piezolaminated square plates (b/t = 40) under uniform temperature rise and three sets of electric
conditions.
Vf VU = VL(V) (P/(0/90)2)s (0/P/90/0/90)s (P/((±45)4/P)
olithic piezoelectric layer 1.0 100 229.94(6.3%)a 212.15(6.7%) 287.73(4.9%)
0 245.45 227.47 302.57
+100 260.93(+6.3%) 242.76(+6.7%) 317.40(+4.9%)
layer 0.4 100 114.42(16.0% ) 137.99(13.8%) 174.66(11.3%)
0 136.31 160.09 196.92
+100 159.06(+16.7%) 183.08(+14.4%) 220.15(+11.8%)
0.6 100 112.76(22.3%) 132.89(19.7%) 172.52(16.0%)
0 145.22 165.57 205.47
+100 179.60(+23.7%) 200.25(20.9%) 240.60(+17.1%)
0.8 100 127.21(20.3%) 141.94(18.6%) 186.45(14.9%)
0 159.57 174.39 219.06
+100 193.58(+21.3%) 208.55(+19.6%) 253.56(+15.7%)
0.9 100 149.40(14.8%) 158.17(14.1%) 208.10(11.1%)
0 175.43 184.18 234.03
+100 202.25(+15.3%) 211.00(+14.9%) 260.86(+11.5%)
erence = 100%[DTcr(100 V)DTcr(0 V)]/DTcr(0 V).
Fig. 2.
and (b)
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y2
2
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x2
2
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h i
þ e2 Bð2Þ00
y2
2
 bð2Þ00
x2
2
þ Bð2Þ20 cos 2mxþ Bð2Þ02 cos 2ny
 
þ e3 Bð3Þ13 cosmx cos 3nyþ Bð3Þ31 cos 3mx cosny
h i
þ e4 Bð4Þ00
y2
2
 bð4Þ00
x2
2
þ Bð4Þ20 cos 2mxþ Bð4Þ02 cos 2ny

þBð4Þ22 cos 2mx cos 2nyþ Bð4Þ40 cos 4mxþ Bð4Þ04 cos 4nyþ Bð4Þ24 cos 2mx cos 4nyþ Bð4Þ42 cos 4mx cos 2ny
i
þ Oðe5Þ; ð31Þ
Wx ¼ e Cð1Þ11 cosmx sinny
h i
þ e2 Cð2Þ02 sin 2ny
h i
þ e3 Cð3Þ13 cosmx sin 3nyþ Cð3Þ31 cos 3mx sinny
h i
þ e4 Cð4Þ02 sin 2nyþ Cð4Þ04 sin 4nyþ Cð4Þ22 cos 2mx sin 2nyþ Cð4Þ24 cos 2mx sin 4nyþ Cð4Þ42 cos 4mx sin 2ny
h i
þ Oðe5Þ; ð32Þ
Wy ¼ e Dð1Þ11 sinmx cosny
h i
þ e2 Dð2Þ20 sin 2mx
h i
þ e3 Dð3Þ13 sinmx cos 3nyþ Dð3Þ31 sin 3mx cosny
h i
þ e4 Dð4Þ20 sin 2mxþ Dð4Þ40 sin 4mxþ Dð4Þ22 sin 2mx cos 2nyþ Dð4Þ24 sin 2mx cos 4nyþ Dð4Þ42 sin 4mx cos 2ny
h i
þ Oðe5Þ:
ð33ÞComparisons of postbuckling behavior of (P/(0/90)2)S laminated square plates with PFRC and monolithic piezoelectric actuators: (a) load–deﬂection
load-shortening (— perfect plate; -- - imperfect plate for which the order of curves is the same as the perfect plate).
1838 H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845It should be noted that all coefﬁcients in Eqs. (30)–(33) are related and can be written as functions of Að1Þ11 but, for the sake of
brevity, the detailed expressions are not shown.
For the thermal buckling problem, substituting Eqs. (30)–(33) into the boundary conditions (25d) and (25g) leads to the
thermal postbuckling equilibrium pathFig. 3.
deﬂectikT ¼ kð0Þ þ kð2Þ Að1Þ11 e
 2
þ kð4Þ Að1Þ11 e
 4
þ    ð34ÞIn Eq. (34), Að1Þ11 e
 
is taken as the second perturbation parameter relating to the dimensionless maximum deﬂectionWm.
From Eq. (30), taking (x,y)=(p/2m,p/2n) yields,Að1Þ11 e ¼ Wm þH1W2m þ    ð35Þ
Eq. (34) may then be re-written as:kT ¼ kð0ÞT þ kð2ÞT W2m þ kð4ÞT W4m þ    ð36Þ
Similarly, for the compressive buckling problem, substituting Eqs. (30)–(33) into the boundary condition (25c) and Eq. (26a)
leads to the postbuckling equilibrium pathComparisons of postbuckling behavior of (0/P/90/0/90)S laminated square plates with PFRC and monolithic piezoelectric actuators: (a) load–
on and (b) load-shortening (— perfect plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
Fig. 4.
and (b)
H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845 1839kx ¼ kð0Þx þ kð2Þx W2m þ kð4Þx W4m þ    ; ð37Þ
anddx ¼ dð0Þx þ dð2Þx W2m þ dð4Þx W4m þ    ð38Þ
The symbols kðiÞT ; k
ðiÞ
x and d
ðiÞ
x ði ¼ 0;2;4; . . .Þ in Eqs. (36)–(38) are related to the material properties and are all functions of
temperature with details being given in Appendix B of [9,10].
Eqs. (36), (37) and (38) can be employed to obtain numerical results for the thermal and compressive postbuckling load–
deﬂection and/or load-end-shortening relationships of simply supported hybrid laminated plates with PFRC actuators. The
buckling load of a perfect plate can readily be obtained by setting l = 0 (or W=t ¼ 0Þ, while taking Wm = 0 (or W=t ¼ 0Þ. In
the present case, the minimum load (called buckling load) and corresponding buckling mode (m,n) can be determined by
comparing axial loads (or temperature) [obtained from Eq. (37) or Eq. (36)] under various values of (m,n) that determine
the number of half-waves in the X and Y directions. The main difference herein is that the PFRC stiffness are evaluated based
on a micro-mechanical model and the stiffness matrixes of hybrid laminated plates are altered. Note that in the presentComparisons of postbuckling behavior of (P/(±45)4/P) laminated square plates with PFRC and monolithic piezoelectric actuators: (a) load–deﬂection
load-shortening (— perfect plate; -- - imperfect plate for which the order of curves is the same as the perfect plate).
1840 H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845study the material properties of each ply are assumed to be temperature dependent, but the temperature must not reach the
Curie temperature.
3. Numerical results and discussions
Numerical results are presented in this section for perfect and imperfect, symmetric cross-ply and antisymmetric
angle-ply laminated plates with fully covered or embedded PFRC layers. PZT-5A is selected for the piezoelectric ﬁber and
the material properties of which are [32]: Cf11 ¼ Cf22 ¼ 121 GPa; Cf33 ¼ 111 GPa; Cf12 ¼ 75:4 GPa; Cf13 ¼ Cf23 ¼ 75:2
GPa; Cf44 ¼ Cf55 ¼ 21:1 GPa; Cf66 ¼ 22:6 GPa; ef31 ¼ ef32 ¼ 5:4 c=m2; ef33 ¼ 15:8 c=m2, and af11 ¼ af22 ¼ 1:5 106=C. The
material properties of matrix are assumed to be Cm11 ¼ Cm22 ¼ Cm33 ¼ ð5:407 0:0047TÞ GPa, in which T = T0 + DT andT0 = 25 C
(room temperature), Cm12 ¼ Cm13 ¼ Cm23 ¼ 0:515Cm11; Cm44 ¼ Cm55 ¼ Cm66 ¼ 0:242Cm11 and am = 45.0  106/C. The monolithic piezo-
electric layer is also considered as a comparator, the corresponding material properties are in a ﬁxed value of ﬁber volume
fraction Vf = 1 in Eqs. (1)–(3), i.e. E11 = E22 = 61.5 GPa, G12 = 22.6 GPa, G13 = G23 = 21.1 GPa, a11 = a22 = 1.5  106/C,
m12 = 0.35, and d31 = d32 = 2.39  1010 m/V. Graphite/epoxy composite material is selected for the substrate orthotropic
layers and its material properties are assumed to be linear functions of temperature change [33], i.e.Fig. 5.
shortenEffect of plate thickness ratio b/t on the postbuckling of (P/(0/90)2)S laminated square plate with PFRC actuators: (a) load–deﬂection and (b) load-
ing (— perfect plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
Fig. 6.
perfect
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G12ðTÞ ¼ G120ð1þ G121DTÞ; G13ðTÞ ¼ G130ð1þ G131DTÞ; G23ðTÞ ¼ G230ð1þ G231DTÞ;
a11ðTÞ ¼ a110ð1þ a111DTÞ; a22ðTÞ ¼ a220ð1þ a221DTÞ; ð39Þwhere E110, E220, G120, G130, G230, a110, a220, E111, E221, G121, G131, G231, a111, a221 are constants. Typical values adopted, as given
in [8], are: E110 = 150 GPa, E220 = 9.0 GPa, G120 = G130 = 7.1 GPa, G230 = 2.5 GPa, m12 = 0.3, a110 = 1.1  106/C,
a220 = 25.2  106/C and E111 = 0.0005, E221 = G121 = G131 = G231 = 0.0002, a111 = a221 = 0.0005, respectively.
The accuracy and effectiveness of the present method for the compressive and thermal postbuckling analyses of lami-
nated plates, excluding thermo-piezoelectric effects, were examined by many comparison studies given in Shen
[9,10,30,31,33–35]. These comparisons show that the results from present method are in good agreement with existing re-
sults. In addition, the buckling load ðNxÞcr and thermal buckling temperature (DT)cr for a (±60)2T antisymmetric angle-ply
rectangular laminated plate subjected to uniaxial compression or uniform temperature rise are calculated and compared
in Table 1 with analytical and ﬁnite element results obtained by Chen and Yu [36]. The geometric parameter and material
properties adopted here are a = 1.5 m, b = 0.6 m, t = 0.008 m, E11 = 215.3 GPa,E22 = 144.1 GPa, G12 = G13 = 54.39 GPa,
G23 = 45.92 GPa, m12 = 0.195, a11 = 10.615  106/C and a22 = 15.997  106/C. It can be seen that the present results agree
well but slightly lower than those of Chen and Yu [36].Effect of plate aspect ratio on the postbuckling of (P/(0/90)2)S laminated plates with PFRC actuators: (a) load–deﬂection and (b) load-shortening (—
plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
1842 H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845A parametric study has been carried out and typical results are shown in Tables 2 and 3, and Figs. 2–11. For these exam-
ples, the plate width-to-thickness ratio b/t = 40 and 60, the total thickness of the plate t = 1.2 mm whereas the thickness of
piezoelectric layers is 0.1 mm, and all other orthotropic layers are of equal thickness. It should be noted that in all ﬁguresW*/
t denotes the dimensionless maximum initial geometric imperfection of the plate.
Table 2 gives the buckling loads Pcr(kN) for perfect, (0/90)2S symmetric cross-ply and (±45)4T antisymmetric angle-ply
laminated square plates with symmetrically fully covered or embedded PFRC layers, referred to as (P/(0/90)2)S, (0/P/90/0/
90)S and (P/(±45)4/P), subjected to uniaxial compression. In this example, the corresponding buckling mode is found to be
(m,n) = (1,1). Three thermal environmental conditions, referred to as I, II and III, are considered. For case I, DT = 0 C and
for case II, DT = 100 C, and for case III, DT = 200 C. Four values of the ﬁber volume fraction Vf(=0.4,0.6,0.8 and 0.9) are con-
sidered. The control voltage with the same sign is also applied to both upper and lower PFRC layers, referred to as VU and VL.
Three electric loading cases are considered. Here VU = VL = 0 Volt means the buckling under a grounding condition. The
monolithic piezoelectric layer, i.e. Vf = 1.0, as previously used in [9,10], is included for direct comparison. The differences
in brackets show the effect of applied voltage on the buckling loads of the plate with PFRC layers and monolithic piezoelec-
tric layers, respectively. It can be found that the buckling load of the (P/(±45)4/P) plate is the lowest one among the threeFig. 7. Comparisons of thermal postbuckling load–deﬂection curves of (P/(0/90)2)S laminated square plates with PFRC and monolithic piezoelectric
actuators (— perfect plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
Fig. 8. Comparisons of thermal postbuckling load–deﬂection curves of (0/P/90/0/90)S laminated square plates with PFRC and monolithic piezoelectric
actuators (— perfect plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845 1843under environmental condition I, when PFRC actuators were used. In contrast, the buckling load of the (P/(±45)4/P) plate is
the highest one among the three under environmental conditions II and III. It can be seen that the effect of applied voltage on
the buckling load of (P/(0/90)2)S and (0/P/90/0/90)S plates with PFRC actuators is less than that of the same two plates with
monolithic piezoelectric actuators. In contrast, the result is inversed for the (P/(±45)4/P) plate and for the (P/(0/90)2)S plate
underDT = 200 C and Vf = 0.9. In the present example, the negative applied voltage decreases, whereas positive applied volt-
age increases the buckling load for the (P/(0/90)2)S and (0/P/90/0/90)S plates. In contrast, for the (P/(±45)4/P) plate with PFRC
actuators, the result is inversed. It can also be seen that the buckling loads are increased with increase in volume fraction Vf,
but decreased with increase in temperature. The percentage decrease is about 71% for the (P/(0/90)2)S plate, about 63% for
the (0/P/90/0/90)S plate, and about 26% for the (P/(±45)4/P) one from temperature changes from D T = 0 C to DT = 200 C
under the same volume fraction Vf = 0.6. Then Table 3 gives the buckling temperatures DTcr(C) for the same three piezola-
minated plates subjected to a uniform temperature rise. Note that, for the thermal buckling problem, since the material
properties are temperature-dependent, an iterative numerical procedure is necessary, as previously reported in Shen
[10,31,33]. Now the effect of applied voltage on the buckling temperature of a plate with PFRC actuators is larger than that
with monolithic piezoelectric actuators. Unlike in the compressive buckling case, the negative applied voltage decreases,Fig. 9. Comparisons of thermal postbuckling load–deﬂection curves of (P/(±45)4/P) laminated square plates with PFRC and monolithic piezoelectric
actuators (— perfect plate; --- imperfect plate for which the order of curves is the same as the perfect plate).
Fig. 10. Effect of plate width-to-thickness ratio b/t on the thermal postbuckling of (P/(0/90)2)S laminated square plate with PFRC actuators (— perfect plate;
-- - imperfect plate for which the order of curves is the same as the perfect plate).
1844 H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845whereas positive applied voltage increases the buckling temperature for all three plates under various values of ﬁber volume
fraction Vf. This is because, in the present example, PZT-5A have minus values of e
f
31 and e
f
32, so that an extension occurs
when the negative voltage is applied and an additional edge compressive stress is caused by edges restrained. It is also found
that the increase in buckling temperature is about 29% for the (P/(0/90)2)S plate, about 15% for the (0/P/90/0/90)S plate, and
about 19% for the (P/(±45)4/P) one, from Vf = 0.4 to Vf = 0.9.
Figs. 2–4 show, respectively, the compressive postbuckling load–deﬂection and load-shortening relationships for
(P/(0/90)2)S, (0/P/90/0/90)S and (P/(±45)4/P) square plates with two different kinds of piezoelectric actuators under environ-
mental conditionDT = 100 C. In these ﬁgures three cases of control voltages, i.e. VU = VL = 100, 0 and +100 Volt, are applied.
Hence, in each of ﬁgures six solid curves are for the perfect plate (W*/t = 0), and six dash curves are for the imperfect plate
(W*/t = 0.1), for which the order of curves is the same as the perfect plate. It can be found that the buckling load as well as
postbuckling strength of a plate with PFRC actuators (Vf = 0.6) is much lower than that of the plate with monolithic
piezoelectric actuators. The applied voltage has a small effect on the postbuckling load–deﬂection curves for the
(P/(0/90)2)S and (0/P/90/0/90)S plates with PFRC actuators, compared to the results of the same two plates with monolithic
piezoelectric actuators. In contrast, for the (P/(±45)4/P) plate, the result is inversed.
Figs. 5 and 6 show, respectively, the effects of plate width-to-thickness ratio b/t(=40 and 60) and aspect ratio b(=1.0 and
2.0) on the postbuckling behavior of (P/(0/90)2)S laminated plates with PFRC actuators (Vf = 0.6) under environmental con-
dition DT = 100 C and three electric loading cases. Like in the case of monolithic piezoelectric actuators, the effect of applied
voltage is more pronounced for the thin plate than for the moderately thick plate, and is also more pronounced for the rect-
angular plate than for the square plate. It is worth noting that, in the present example, the rectangular plate has a buckling
mode (m,n) = (2,1), whereas the square plate buckles with (m,n) = (1,1).
Figs. 7–9 present, respectively, thermal postbuckling load–deﬂection relationships of the same three plates subjected to a
uniform temperature rise and three electric loads. It can be seen that positive applied voltages increase the buckling tem-
perature and decrease the postbuckled deﬂection, whereas the negative applied voltages decrease the buckling temperature
and induce more large postbuckled deﬂections. Similar to the compressive buckling case, the buckling temperature as well as
postbuckling strength of the plate with PFRC actuators (Vf = 0.6) is lower than that of the plate with monolithic piezoelectric
actuators. Unlike in the compressive buckling case, the effect of applied voltage is more pronounced for all three plates with
PFRC actuators, compared to the results of these plates with monolithic piezoelectric actuators.
Figs. 10 and 11 are thermal postbuckling results for the (P/(0/90)2)S laminated plates with PFRC actuators (Vf = 0.6) anal-
ogous to the compressive postbuckling results of Figs. 5 and 6. Like in the compressive buckling case, the buckling load and
postbuckling strength are increased by decreasing plate width-to-thickness ratio. Unlike in the compressive buckling case,
the effect of applied voltage is more pronounced for the square plate than for the rectangular plate, and both rectangular and
square plates have buckling mode (m,n) = (1,1).4. Concluding remarks
This paper conducts a fully nonlinear compressive and thermal postbuckling analyses for laminated hybrid plates with
PFRC actuators. Numerical calculations have been done for perfect and imperfect, symmetric cross-ply and antisymmetricFig. 11. Effect of plate aspect ratio on the thermal postbuckling of (P/(0/90)2)S laminated plates with PFRC actuators (— perfect plate; --- imperfect plate for
which the order of curves is the same as the perfect plate).
H.-S. Shen, Z. Hong Zhu / Applied Mathematical Modelling 35 (2011) 1829–1845 1845angle-ply laminated plates with fully covered or embedded PFRC actuators subjected to uniaxial compression or uniform
temperature rise combined with electric loads. The results show that the buckling load (temperature) as well as postbuckling
strength of the plate with PFRC actuators is lower than that of the plate with monolithic piezoelectric actuators. The new
ﬁnding is that, in the present example, the negative applied voltage increases, whereas positive applied voltage decreases
the buckling load for the (P/(±45)4/P) plate, when PFRC actuators were used. In contrast, the result is inversed, when the
monolithic piezoelectric actuators were used. The results reveal that, in the compressive buckling case, the applied voltage
usually has a small effect on the postbuckling load–deﬂection relationship of the plate with PFRC actuators, whereas in the
thermal buckling case, the effect of applied voltage is more pronounced for the plate with PFRC actuators, compared to the
results of the same plate with monolithic piezoelectric actuators.
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